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Abstract: Causal discovery from observational data is a fundamental challenge. Greedy search algorithms like Regression
with Subsequent Independence Test (RESIT), commonly used for learning Additive Noise Models (ANMs), are susceptible
to making irreversible errors, especially in high-variance contexts. Such settings can be caused by unmeasured confounders
or by high statistical noise from finite samples. To address this, we introduce a novel generalization of RESIT that replaces
its local, greedy search with a more robust beam search, framing the task as a path search on a state-space graph. Through
extensive simulation experiments, we demonstrate that structural accuracy, measured by Structural Hamming Distance (SHD)
and Structural Intervention Distance (SID), consistently improves as the beam width (w) increases. Crucially, we also show that
this performance gain comes at a manageable, approximately linear increase in computational cost relative to w. Furthermore, our
analysis across different sample sizes shows these gains are most statistically significant in intermediate regimes (n = 250, 500).
This suggests that at these sample sizes, the statistical noise is high enough to mislead the greedy search into a suboptimal
ordering, an error our wider beam search corrects, while performance converges at large sample sizes (n = 1000). Our framework
provides a practical, tunable algorithm that bridges the gap between fast but brittle local search methods and computationally
infeasible global searches, thereby enhancing the reliability of causal discovery in complex, high-variance settings where such
local errors are common.
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1. INTRODUCTION

A fundamental goal in fields like robotics and artificial in-
telligence is to create autonomous agents that can not only
observe patterns but also understand the underlying mechan-
ics of their environment. To act intelligently, an agent must
predict the consequences of its actions—a task requiring a
shift from correlation to causation [1, 2]. While the gold
standard for establishing causality is the randomized con-
trolled trial (RCT) , performing such experiments is often im-
practical, unethical, or impossible in complex domains like
robotics, biology, or economics. This limitation motivates
the field of causal discovery, which seeks to infer causal
structures directly from readily available observational data.
Unlike data from an RCT, observational data is collected by
passively observing a system in its natural state, without any
manipulation from the researcher or agent.

Learning causal structure from such observational data is,
however, an ill-posed problem. Without additional assump-
tions, different causal structures can be statistically indistin-
guishable, often allowing for the identification of only a set
of possible structures, known as a Markov Equivalence Class
(MEC) [3]. A powerful way to overcome this ambiguity is to
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impose constraints on the functional form of the causal rela-
tionships, leading to model families like the Additive Noise
Model (ANM) [4]. The Regression with Subsequent Inde-
pendence Test (RESIT) algorithm was developed as a practi-
cal method for learning ANM structures, employing a step-
wise greedy search to find the causal ordering of the vari-
ables.

However, the greedy nature of RESIT is also its primary
weakness. The algorithm is susceptible to local optima: an
incorrect decision made early in the search is final and can-
not be undone, potentially leading to a cascade of errors.
This vulnerability is particularly problematic in practical set-
tings where the locally optimal choice may be incorrect due
to multiple factors. A primary reason is the violation of
causal sufficiency—the assumption that all common causes
of the observed variables have been measured [2, 3]. An un-
observed common cause (i.e., unmeasured confounder) can
induce a spurious correlation between its effects, creating the
illusion of a direct causal link. Furthermore, even if causal
sufficiency holds, statistical noise from finite samples can
cause an incorrect variable to be selected as the sink at any
given step, leading to propagated errors.

A promising path forward has been proposed in work on
the Linear Non-Gaussian Acyclic Model (LiNGAM) fam-



ily, a framework restricted to linear relationships and non-
Gaussian noise [5]. Like RESIT, a prominent algorithm in
this family, DirectLiNGAM, also employs a greedy search to
find the causal ordering [6]. To address the limitations of this
local search, several extensions have been proposed. One
line of work aims for a global solution: the LiNGAM-MMI
method, for example, reformulates the task as a shortest-path
problem on a state-space graph [7]. This seeks the opti-
mal causal ordering that minimizes the total statistical de-
pendence. Another line of work has explored heuristic so-
lutions, such as applying beam search to DirectLiNGAM, to
find a more robust ordering without the computational cost
of a full global search [8].

These extensions, however, have so far been limited to the
linear case. Many systems of interest in artificial life and
robotics exhibit complex, non-linear dynamics, making an
extension to the non-linear domain highly desirable. A direct
application of a global search (akin to LiNGAM-MMI) to
the non-linear RESIT framework, however, is computation-
ally infeasible due to the factorial growth of the search space.
Therefore, we adopt the alternative heuristic approach. We
propose to generalize RESIT by employing a beam search
algorithm, a method that has proven effective in the linear
case [8] but has not yet been extended to non-linear ANMs.

This beam search approach provides a unifying frame-
work for these search-based methods. The standard greedy
search of RESIT is thus equivalent to a beam search with a
width of one (w = 1), while an optimal best-first search (i.e.,
a global search) becomes equivalent to an infinite beam width
(w → ∞), positioning the proposed framework as a gener-
alization of these extreme approaches. By selecting a finite
beam width, our proposed method becomes more robust than
a simple local search while avoiding the prohibitive compu-
tational cost of a full global search. This paper makes the
following contributions:
• We generalize the greedy search of RESIT by framing

causal ordering for ANMs as a path search problem on a
state-space graph, a concept previously explored only in
the linear case (LiNGAM).

• We propose a practical beam search algorithm to approxi-
mate the optimal solution to this problem, offering a tun-
able trade-off between the local search of RESIT and a
computationally infeasible optimal (or global) search.

• We demonstrate through simulation experiments that our
beam search approach significantly outperforms the stan-
dard greedy RESIT by providing enhanced robustness
against local estimation errors caused by statistical noise
from finite samples or unmeasured confounders. We
show these performance gains are most statistically sig-
nificant in intermediate, high-variance sample regimes
(n = 250, 500), where our method successfully navigates
noisy local optima that trap a purely greedy search.

2. PRELIMINARIES
2.1. Graphical Causal Models

To formalize causal relationships, we use the framework
of Structural Causal Models (SCMs) [2]. An SCM consists

of a set of variables X = {X1, . . . , Xd}, a directed acyclic
graph (DAG) G over these variables, and a set of functions
{f1, . . . , fd} that assign a value to each variable. The value
of each variable Xi is determined by a function fi of its direct
causes (its parents PAi in G) and an exogenous random noise
term Ni:

Xi := fi(PAi, Ni). (1)

The noise terms N1, . . . , Nd represent all factors that are not
explicitly modeled but affect the variables. A core assump-
tion in many causal discovery methods is that these noise
terms are mutually independent, i.e., Ni⊥⊥Nj for all i ̸= j.
This independence assumption implies the causal sufficiency
assumption (i.e., the absence of unmeasured confounders)
mentioned in Section 1. If there were an unmeasured con-
founder of two variables Xi and Xj , then after accounting for
their observed parents, the remaining variations in both vari-
ables (represented by Ni and Nj) would still be influenced
by this common cause, making them statistically dependent.

2.2. Additive Noise Models (ANMs)
As discussed in Section 1, a central challenge in causal

discovery on observational data is that causal DAGs gener-
ally can only be determined up to their MEC. To overcome
this ambiguity and identify a single DAG, one powerful ap-
proach is to assume the data was generated by an SCM with a
specific functional form. These assumptions break the statis-
tical symmetries that make different causal directions indis-
tinguishable, allowing for the identification of a unique graph
from the MEC.

Additive Noise Models (ANMs) are a class of SCMs that
impose such a restriction [4]. In an ANM, the function fi is
constrained so that the noise term is additive:

Xi := fi(PAi) +Ni. (2)

This specific structure is powerful because it breaks the sta-
tistical symmetry between cause and effect, allowing the true
causal DAG to be identified. While there are several other
identifiable model classes (e.g., post-nonlinear models), this
work focuses on ANMs. Well-known cases when ANMs are
identifiable include:
1. When the functions fi are non-linear (for any noise dis-

tribution, including Gaussian) [4].
2. When the functions fi are linear, but the noise terms Ni

are non-Gaussian [5]. This subclass is often referred to
as LiNGAM.

In this paper, we focus primarily on the non-linear case.

2.3. RESIT: A Greedy Search for ANMs
The RESIT algorithm is a practical method for learning

ANM structures from data [4]. It works by determining the
causal order of the variables iteratively. The core idea is that
the noise term Nj must be independent of PAj , i.e., the par-
ents of Xj . RESIT exploits a direct consequence of this core
idea: for any “sink” node Xj (a variable with no effects in the
system), its corresponding noise term Nj will be independent
of all other variables.



At each step k of the algorithm, RESIT searches for a sink
node among the set of remaining candidate variables Sk. It
solves a local optimization problem by treating each candi-
date variable Xj ∈ Sk as a potential effect and regressing
it on all other remaining variables Sk \ {Xj}. The variable
X

(k)
j∗ whose residuals r

(k)
j∗ (the value of the noise term esti-

mated from the regression) are most independent of its re-
gressors is chosen as the sink:

X
(k)
j∗ = argmin

Xj∈Sk

dep(r(k)j , Sk \ {Xj}), (3)

where dep(·, ·) is a measure of statistical dependence. In the
original paper, the p-value of an independence test is maxi-
mized, which is equivalent to minimizing dependence. This
procedure is a greedy search because at each step, it com-
mits to the variable that is locally optimal. The choice is
final and cannot be revised, even if it leads to a suboptimal
global solution. If an incorrect variable is chosen as the sink
due to statistical noise from finite samples or the presence
of unmeasured confounders (i.e., a violation of causal suf-
ficiency), the error propagates through all subsequent steps,
potentially leading to a highly inaccurate final graph.

2.4. From Local to Global Search: The Linear Case
The greedy search strategy employed by RESIT is not

unique to non-linear models. In the linear subclass of ANMs,
known as LiNGAM [5], a similar greedy algorithm called
DirectLiNGAM exists [6]. While both RESIT and Di-
rectLiNGAM are greedy search algorithms, they determine
the causal order in opposite directions. RESIT proceeds from
sink-to-source. At each step, it identifies an effect (a sink) by
finding the variable whose noise term is most independent
of all other remaining variables. In contrast, DirectLiNGAM
proceeds from source-to-sink. It identifies a cause (a source)
by finding the variable that is most independent of the resid-
uals of all other variables regressed upon it.

At each step k, DirectLiNGAM searches for a source node
among the set of remaining candidate variables Sk. For
each candidate source Xj ∈ Sk, it computes a correspond-
ing set of residuals, R(k)

j , by regressing every other variable
Xi ∈ Sk \ {Xj} on Xj . The algorithm then selects the vari-
able, denoted X

(k)
j∗ , that is most independent of its corre-

sponding set of residuals, R(k)
j∗ . To proceed to the next step,

the influence of this identified source is removed by defining
the set of variables for the next iteration, Sk+1, as this new
set of residuals, R(k)

j∗ . The algorithm repeats this procedure
until a full causal ordering is established.

However, like RESIT, the fundamental limitation of Di-
rectLiNGAM is its susceptibility to local optima. This shared
vulnerability of greedy methods motivates the development
of more robust, global search strategies. To address this
limitation, the LiNGAM-MMI method was proposed, which
generalizes the local (greedy) search of DirectLiNGAM into
a global search [7]. This is achieved by reformulating the
causal ordering task as a shortest-path finding problem on
a state-space graph. In this formulation, a path through the
state-space graph corresponds to a full causal ordering, and

the total path cost serves as a global measure of the joint inde-
pendence of the system’s noise terms. While this global ap-
proach is more robust against local optima, finding the short-
est path with an optimal best-first search algorithm like Di-
jkstra’s is often computationally infeasible, as the number of
possible orderings grows factorially with the number of vari-
ables. This trade-off between search robustness and com-
putational cost is the primary motivation for our proposed
method.

3. BEAM SEARCH FOR ANM CAUSAL DIS-
COVERY

To balance the trade-off between the local sub-optimality
of greedy search and the computational cost of a global best-
first search, we propose a novel causal discovery method for
ANMs based on beam search. Our method consists of two
main phases: first, we determine the causal ordering of the
variables using our beam search approach; second, we prune
the resulting fully-connected graph to identify the final causal
DAG using the same procedure as RESIT [4].

3.1. Phase 1: Causal Ordering via Beam Search
3.1.1. Search Framework

{X1, X2, X3}

{X1, X2} {X1, X3} {X2, X3}

{X1} {X2} {X3}

∅

Fig. 1. The state-space graph for causal ordering. Nodes
represent the set of variables not yet ordered. An edge
from a set Sk−1 to Sk−1 \ {Xj} represents selecting Xj

as the sink at step k. The cost is the dependence between
the residuals of Xj ∼ (Sk−1 \ {Xj}) and the regres-
sors. The red path shown corresponds to identifying the
reverse causal order (X3, X2, X1), which yields the final
causal order X1 → X2 → X3.

Inspired by the global search formulation in the linear
case [7], we frame the causal ordering task for ANMs as
a search for a low-cost path in the state-space graph illus-
trated in Fig. 1. The core principle of this search is that the
noise (estimated by the residuals) must be independent of the
causes. Therefore, the cost for selecting a variable Xj as the
sink at step k from a set of candidates Sk−1 is defined as the
statistical dependence between the residuals r

(k)
j (from re-

gressing Xj on the remaining variables Sk−1 \{Xj}) and its
regressors:

cost(Sk−1 → Sk−1 \ {Xj}) = dep(r(k)j , Sk−1 \ {Xj}). (4)

In our implementation, we use the Hilbert-Schmidt Indepen-
dence Criterion (HSIC) [9] test statistic as the dependence



measure dep(·, ·), as it provides a robust, kernel-based test
for independence. The total cost of a path is the sum of these
individual step costs. The goal is to find a path with low to-
tal cost. This total cost serves as a global score for an entire
ordering, and minimizing it allows the search to escape the
local optima limitation of a purely greedy search.

Using the test statistic’s magnitude for path scoring is a
deliberate choice. In a greedy search (w = 1), this is equiva-
lent to maximizing the p-value, as done in the original RESIT
paper [4]. However, for a beam search (w > 1), this choice
is critical. Aggregating path cost by summing p-values is not
statistically meaningful. Our approach of summing the test
statistic provides a direct heuristic for the “total dependence”
of an ordering and is consistent with the implementation of
RESIT in the widely-used lingam library [10]. We still
use p-values in Phase 2 (Section 3.2), as that phase involves
hypothesis testing for pruning. Another potential approach
for scoring could be to aggregate p-values along a path, for
instance using Fisher’s method. We leave this as an interest-
ing direction for future exploration, as our chosen method of
summing the test statistic aligns directly with our objective
of minimizing the overall measured dependence.

3.1.2. Beam Search Algorithm
To find a low-cost path without the computational expense

of an optimal best-first search, we employ a beam search.
A true optimal best-first search algorithm like Dijkstra’s is
guaranteed to find the optimal path by keeping all possi-
ble partial paths in memory and always expanding the one
with the lowest current cost. Beam search approximates this
process by following the same principle but with a crucial
heuristic: at each step, it prunes the set of candidate paths,
keeping only a predetermined number, w (the beam width),
of the most promising solutions. While this trade-off means
the algorithm is no longer guaranteed to find the globally op-
timal path, it allows for a much more efficient exploration of
the search space [11].

The algorithm proceeds through d selection steps to build
a complete reverse ordering of the d variables.
1. Initialization: Start with a beam containing a single path

hypothesis: the initial state (the set of all variables) with
a total cost of 0.

2. Iteration: For each of the d selection steps:
• Expand: Generate all possible next states from every

path currently in the beam. A next state is formed by
selecting one variable from a path’s current set to be
the next sink.

• Evaluate: For each newly generated candidate path,
calculate its total cost by adding the new step cost to
the accumulated cost of its parent path. The step cost
is calculated using the HSIC test statistic, which quan-
tifies the degree of dependence.

• Prune: From the collection of all candidate paths gen-
erated in this step, select the top w paths with the low-
est total costs. The parameter w is the beam width.
These w paths form the new beam for the next itera-
tion, while all other candidates are discarded.

3. Termination: The search terminates after exactly d

steps. Since the task is to produce a complete ordering
of d variables, a full solution path must contain exactly d
selections. After d iterations, the beam contains a set of
complete candidate orderings, from which the one with
the lowest total cost is selected as the solution.

The beam width w is a crucial hyperparameter that controls
the exploration-exploitation trade-off of the search:
• If w = 1, the algorithm reduces to a standard greedy

search, i.e., the existing RESIT method, as it only ever
considers the single best choice at each step. This serves
as our primary baseline in the experiments.

• If w → ∞, the algorithm becomes equivalent to an op-
timal best-first search, guaranteeing that the true shortest
path is found.

By choosing a moderate value for w, we can explore a much
larger portion of the search space than a greedy algorithm
while remaining computationally feasible.

3.2. Phase 2: Causal DAG Identification by Pruning
Once the optimal causal order is found, the second phase

of our method identifies the final causal DAG. This phase
is identical to the edge pruning procedure used in the orig-
inal RESIT algorithm [4]. It begins with a fully connected
directed acyclic graph (DAG) that is consistent with the de-
termined causal order.

The core of the pruning logic is an iterative procedure that
tests each potential parent edge for removal. For each vari-
able Xi in the determined causal order, we consider its set
of candidate parents, PAi, which includes all of its predeces-
sors in the order. For each candidate parent Xj ∈ PAi, we
perform a specific independence test. First, we compute the
residual ri by regressing Xi on all other candidate parents,
PAi \ {Xj}. Then, this test for conditional independence
is performed by testing for independence between the resid-
ual ri and the full set of candidate parents PAi. If the null
hypothesis of independence cannot be rejected, i.e., that the
p-value is greater than a significance threshold α, the edge
Xj → Xi is pruned. This procedure is applied iteratively to
recover the final causal DAG.

4. EXPERIMENTS
To empirically validate the performance of our proposed

beam search-based RESIT algorithm, we designed a series
of simulation experiments. The primary objective is to as-
sess the robustness and accuracy of our method compared
to the standard greedy search, particularly in settings with
and without unmeasured confounders. The presence of such
confounders constitutes a violation of the causal sufficiency
assumption, providing a key test for our algorithm’s robust-
ness.

4.1. Data Generation
We simulated data from non-linear ANMs using a data

generation process that follows these steps:
1. Graph Structure: A random DAG is first generated over

a set of nodes consisting of d observed variables and a
specified number of unmeasured confounder variables.



Algorithm 1 RESIT with Beam Search
1: Input: Data X, beam width w, significance α
2: Output: Causal order O, Adjacency matrix B
3: procedure BEAMSEARCH-RESIT(X, w, α)
4: Orev ← FINDREVERSEORDER(X, w)
5: O← REVERSE(Orev)
6: B← PRUNEEDGES(X,O, α)
7: return O,B
8: end procedure

9: procedure FINDREVERSEORDER(X, w)
10: S0 ← {X1, . . . , Xd}
11: B ← {(path = [S0], cost = 0)} ▷ Initialize beam
12: for k = 1 to d do
13: C ← ∅ ▷ Initialize candidates
14: for all (π, c) ∈ B do
15: Sk ← LAST(π)
16: for all Xj ∈ Sk do
17: S̃k ← Sk \ {Xj}
18: rj ← Xj − f̂(S̃k)

19: ∆c← HSIC({rj}, S̃k)

20: Add (π ⊕ [S̃k], c+∆c) to C
21: end for
22: end for
23: B ← top-w paths from C by cost
24: end for
25: π∗ ← best path in final beam B
26: return order derived from π∗

27: end procedure

28: procedure PRUNEEDGES(X,O, α)
29: B← fully connected DAG from order O
30: for k = 2 to d do
31: Xk ← k-th variable in O
32: PAk ← predecessors of Xk in O
33: for all Xj ∈ PAk do
34: PAtest ← PAk \ {Xj}
35: if PAtest ̸= ∅ then
36: rk ← Xk − f̂(XPAtest)
37: pval ← p-value(HSIC(rk,XPAk

))
38: if pval > α then
39: Bjk ← 0 ▷ Prune Xj → Xk

40: end if
41: end if
42: end for
43: end for
44: return B
45: end procedure

We used the Erdős-Rényi model [12] to create the ini-
tial graph over the total set of nodes, with an average of
1.5 edges per node. Acyclicity is enforced by preserving
only the edges that respect a random topological order-
ing.

2. Causal Mechanisms: The functional relationship for
each variable is defined by a Gaussian Process (GP). This

provides a flexible and powerful way to generate diverse
non-linear functions. Specifically, we used a Matérn ker-
nel, whose smoothness parameter ν controls the com-
plexity of the functions. For our experiments, we set
ν = 2.5 to generate relatively smooth functions. For root
nodes (those without parents), the mechanism was sim-
plified to drawing samples from a standard normal distri-
bution.

3. Data Sampling: Following the topological order of the
full DAG (including the unmeasured confounders), we
sample data for each variable according to its specified
causal mechanism. The data corresponding to the unmea-
sured confounder nodes is then discarded to create the fi-
nal observational dataset. This process ensures that any
confounding relationships in the true graph are reflected
in the statistical dependencies of the observed data.

4.2. Experimental Parameters

Table 1. Experimental Parameter Grid

Parameter Values
Number of Nodes (d) {10, 30}
Number of Samples (n)∗ {100, 250, 500, 1000}
Confounding Level {0%, 10%} of d
Beam Width (w)∗ {1, 2, 4, 8, 16, 32}
*All beam widths (w) were tested at n = 250 for the main analysis.
Sample sizes n = {100, 500, 1000} were evaluated only at w = 1
(greedy) and w = 32 (beam) for the robustness analysis.

Our experimental evaluation systematically assesses our
method’s performance in two phases. First, to analyze the
primary effect of beam width (w), we ran experiments vary-
ing w from 1 to 32 for systems with d = 10 and d = 30
nodes, each under two confounding levels. This main anal-
ysis was conducted at a fixed sample size of n = 250. Sec-
ond, to analyze the algorithm’s robustness to statistical noise
from finite samples, we compared the greedy search (w = 1)
against our beam search (w = 32) across a wide range of
sample sizes (n = 100, 250, 500, 1000). The complete grid
of all parameters explored is summarized in Table 1. To en-
sure statistical robustness, we performed 50 independent tri-
als for each unique parameter combination, using a different
random seed for each trial.

4.3. Model Configuration

For all residual calculations, we employed a Gradient
Boosting Regressor with 200 estimators, a learning rate of
0.2, and a maximum depth of 8. We used the Hilbert-Schmidt
Independence Criterion (HSIC) as our measure of statistical
dependence, both for calculating the step costs in the beam
search and for the conditional independence tests in the edge
pruning phase. For this final pruning phase (Algorithm 1,
PRUNEEDGES), the significance level for the HSIC test was
set to α = 0.01, and an edge was removed if the p-value
of its corresponding conditional independence test exceeded
this threshold.



4.4. Evaluation Metrics
Our evaluation focuses on the accuracy of the final graph

structure, which is the primary goal of causal discovery. We
therefore use metrics that evaluate the structural accuracy of
the DAG rather than the causal order itself. For any graph
that is not fully connected, multiple topological orderings can
be valid, so penalizing an algorithm for finding a correct but
different ordering is inappropriate. Instead, we employ two
standard and complementary metrics for structural accuracy:
the Structural Hamming Distance (SHD) and the Struc-
tural Intervention Distance (SID).

The SHD provides a purely structural assessment, count-
ing the number of edge additions, deletions, or reversals re-
quired to transform the estimated graph Ĝ into the true graph
G. While simple, the SHD treats all edge errors equally.

To provide a more causally-meaningful evaluation, we
also use the SID [13]. This metric evaluates an estimated
graph based on its ability to correctly predict the outcomes
of interventions. To calculate the causal effect of an inter-
vention on a variable i on an outcome j, one must adjust for
confounding variables by controlling for a set of co-variates
known as an adjustment set. A set is considered a valid ad-
justment set if it blocks all non-causal “backdoor” paths be-
tween i and j. The SID counts the number of pairs (i, j) for
which the set of parents of i in the estimated graph, PAĜ

i , is
not a valid adjustment set in the true graph G. A lower SID
therefore indicates that the estimated graph is more reliable
for making accurate causal predictions.

5. RESULTS
Our experimental results are organized as follows. First,

in Section 5.1, we analyze the primary contribution: the
trade-off between structural accuracy and computational cost
as a function of the beam width (w), based on the n = 250
sample-size condition. Second, in Section 5.2, we analyze
the algorithm’s robustness to statistical noise by comparing
the greedy (w = 1) and beam search (w = 32) methods
across all sample sizes (n = 100 to 1000).

5.1. Performance and Cost vs. Beam Width
The results of our simulation experiments, summarized

in Fig. 2, Fig. 3, and Table 2, confirm that the proposed
beam search effectively addresses the limitations of a stan-
dard greedy search (w = 1). As hypothesized, we observe
a consistent trend where expanding the search space via a
wider beam leads to improved structural accuracy across all
tested conditions.

Fig. 2 illustrates this primary finding. As the beam width
(w) increases, both the SHD and SID consistently decrease,
indicating that by maintaining multiple candidate orderings,
the algorithm is better able to navigate the search space and
avoid the irreversible errors characteristic of a greedy ap-
proach.

The advantages of a wider beam are most critical in sys-
tems with more nodes, as detailed in Table 2. For graphs
with d = 30 nodes, the beam search (w = 32) achieves
a highly significant improvement in SHD over the greedy
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performance.
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Fig. 3. Mean computational runtime as a function of beam
width (w) for systems with d = 10 and d = 30 nodes.
Each data point represents the average runtime over 50
independent trials.

search (w = 1). Specifically, SHD was reduced by 10.2%
(p = 0.0008) in the unconfounded case (from 77.0 to 69.1)
and by 10.7% (p = 0.0012) in the confounded case (from
76.1 to 67.9). The improvements in SID, which more di-
rectly measures the utility of the learned graph for causal
inference, are also statistically significant. We observe an
8.0% (p = 0.0130) improvement for 10-node confounded
case (from 39.0 to 35.8) and a 7.1% (p = 0.0366) improve-
ment for 30-node confounded graphs (from 258.5 to 240.2).
These results confirm that the performance gains from beam
search are statistically robust, offering a reliable advantage
especially in the challenging setting of having more nodes.

Of course, this increased accuracy is not without cost. As
shown in Fig. 3, the mean runtime increases with both the



Table 2. Comparison of Greedy Search (w = 1) vs. Beam Search (w = 32). Performance is reported as Mean ± Standard
Deviation over 50 trials. Significance of the improvement is denoted by asterisks on the Beam Search result: ∗p < 0.05,

∗∗p < 0.01, ∗∗∗p < 0.001.

SHD (↓) SID (↓)
Nodes (d) Confounding Greedy Beam Search Improv. Greedy Beam Search Improv.

10 0% 27.0± 5.2 26.1± 5.0 3.3% 38.5± 6.9 36.6± 7.3 4.9%
10% 27.3± 5.7 26.1± 6.0 4.4% 39.0± 5.7 35.8± 7.9∗ 8.0%

30 0% 77.0± 12.4 69.1± 11.7∗∗∗ 10.2% 261.4± 51.8 247.2± 45.1 5.4%
10% 76.1± 13.4 67.9± 12.9∗∗ 10.7% 258.5± 52.3 240.2± 48.8∗ 7.1%

number of nodes (d) and the beam width (w). Crucially, the
runtime scales approximately linearly with the beam width
w, as the algorithm must evaluate and store up to w paths at
each step. This illustrates the fundamental trade-off between
accuracy and computational feasibility: the greedy search
(w = 1) is fastest but least accurate, while a wider beam pro-
vides greater accuracy for a manageable, linear increase in
computational cost. Our proposed method makes this trade-
off explicit and tunable, allowing a researcher to balance the
need for a robust search against practical constraints on time
and resources.

5.2. Robustness to Sample Size

Table 3. Robustness to Finite Sample Sizes. SID
improvement (%) of Beam (w = 32) over Greedy (w = 1).

∗p < 0.05, ∗∗p < 0.01, ∗∗∗p < 0.001.

SID Improv. (%) by n
d Conf. 100 250 500 1000

10 0% 1.8% 4.9% 5.2%∗ −0.5%
10% 3.0% 8.0%∗ 0.0% 1.1%

30 0% −1.4% 5.4% 4.7%∗∗ 0.7%
10% 1.1% 7.1%∗ 6.7%∗∗∗ 1.4%∗∗

To analyze the algorithm’s robustness to statistical noise
from finite samples, we compared the greedy (w = 1) and
beam (w = 32) searches across all sample sizes. We focus
this analysis on the SID, as it is the more causally-meaningful
metric (as discussed in Section 4.4) and best reflects the prac-
tical utility of the learned graph. The results are presented in
Table 3, which also includes the n = 250 data from Table 2
for a comprehensive comparison.

The results reveal a nuanced relationship between sample
size and the relative advantage of beam search. The most
substantial and statistically significant gains are observed in
the intermediate regimes of n = 250 and n = 500. At
n = 250, beam search achieves a significant 8.0% (p =
0.0130) SID improvement in the 10-node confounded case
and 7.1% (p = 0.0366) in the 30-node confounded case.
This advantage is even more pronounced at n = 500, yield-
ing highly significant improvements of 5.2% (p = 0.0151),
4.7% (p = 0.0063), and 6.7% (p < 0.0001) across various
conditions. This suggests an optimal range for our method:
at these intermediate sample sizes, the data contains enough
signal to find the true causal structure, but also contains suf-
ficient statistical noise to trap a purely greedy (w = 1) al-
gorithm in a local optimum. The wider search of our beam

(w = 32) approach is able to successfully navigate this noise
and identify a better causal ordering.

Conversely, this relative advantage diminishes at the ex-
tremes. At the smallest sample size (n = 100), the data
is likely dominated by statistical noise. The improvements
are modest and not statistically significant (e.g., 3.0% where
p = 0.2120 and 1.1% where p = 0.3512 in confounded
cases), suggesting that neither method can reliably find the
true structure. As the sample size becomes large (n = 1000),
the performance of the greedy search largely converges with
that of the beam search. With plentiful, reliable data, the lo-
cal optimum found by the greedy search is often the global
optimum, and the additional computational effort provides
diminishing returns (e.g., 1.1% or −0.5% improvement).
We do note one exception in the 30-node confounded case,
where a small but highly significant improvement of 1.4%
(p = 0.0026) remains, suggesting that even with large data,
beam search can still offer a modest advantage in highly
complex scenarios. Overall, this demonstrates that the beam
search is a particularly valuable tool in intermediate, high-
variance regimes where a greedy search is most likely to fail,
but where enough signal exists to make a more robust search
worthwhile.

6. DISCUSSION

In this paper, we addressed a fundamental limitation of
greedy search algorithms in causal discovery: their suscep-
tibility to making irreversible errors, especially when local
errors occur, whether from violations of the core assump-
tion of causal sufficiency or from statistical noise from finite
samples. Our goal was to develop a more robust method for
learning ANMs by generalizing the local search of RESIT
into a more comprehensive, yet still practical, search strat-
egy. The proposed beam search algorithm was designed to
achieve this by exploring multiple promising causal order-
ings simultaneously, thereby mitigating the risk of commit-
ting to an early, erroneous decision.

Our empirical results provide strong validation for this ap-
proach. As hypothesized, widening the search beam consis-
tently led to more accurate causal graphs, with the most sig-
nificant gains observed in the very scenarios where greedy
methods are most likely to fail: systems with more nodes
and those with unmeasured confounders. Furthermore, our
analysis across all sample sizes (Section 5.2) reveals that the
gains from beam search are most significant in intermediate,
high-variance regimes (n = 250, 500), as shown in Table 3.



This suggests an optimal sample size range where the data
is noisy enough to trap a greedy search but contains enough
signal for our robust method to exploit. The statistically sig-
nificant improvements in both SHD and SID demonstrate
that our method is not only structurally more accurate but
also produces models that are more reliable for downstream
causal inference tasks. This directly addresses the core prob-
lem outlined in our introduction. By framing the task as a
path search problem and using beam search as a tractable ap-
proximation, we have successfully enhanced the robustness
of ANM-based discovery without resorting to a computation-
ally infeasible exhaustive search.

This work also highlights the critical trade-off between
search completeness and computational cost. The beam
width, w, serves as an explicit and tunable parameter that
allows researchers to navigate this trade-off. While a greedy
search (w = 1) offers speed, our findings show that even a
modest increase in beam width can yield substantial accu-
racy improvements. Crucially, this increase in runtime scales
linearly with w, representing a manageable, practical cost for
the enhanced robustness. This provides a practical path for-
ward for tackling more complex, real-world problems where
greedy search may fail.

Despite these promising results, our method has several
limitations that open avenues for future research. First, while
more robust than a greedy search, beam search is still a
heuristic. It is not guaranteed to find the globally optimal
causal ordering and can still be trapped in local optima, al-
beit on a larger scale. The performance of the algorithm also
fundamentally depends on the chosen regression model and
independence test. Our use of Gradient Boosting and HSIC
proved effective, but exploring more advanced or specialized
components could yield further improvements.

Furthermore, this study was conducted on simulated data.
While this provides a controlled environment for rigorous
evaluation, the ultimate test of any causal discovery method
is its application to real-world observational data. Future
work should focus on applying this beam search framework
to complex datasets from fields such as robotics, economics,
or systems biology, where unmeasured confounding is a per-
vasive and critical issue. This would likely require integrat-
ing more sophisticated model selection techniques to han-
dle the noise and heterogeneity inherent in such data. An-
other promising direction is the exploration of adaptive beam
strategies, where the algorithm could dynamically adjust the
beam width based on the uncertainty or complexity of the
current step in the search.

7. CONCLUSION

In conclusion, by generalizing the greedy search of RESIT
to a beam search, we have developed a powerful and practical
framework for causal discovery in ANMs. Our method offers
a significant and tunable improvement in robustness over tra-
ditional approaches, making it a valuable tool for more reli-
able causal discovery from observational data, especially in
the challenging, non-ideal conditions often encountered in
scientific and engineering.
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