Introduction

Graphical causality [1, 2| addresses key limitations in machine learning, such as out-of-distribution
generalization, by modeling the data-generating process instead of individual data points. Causal
discovery methods aim to learn the causal graph from data, which is essential for causal inference
and enables interventional and counterfactual predictions. Many causal discovery methods rely on
testing dependence relations from data, which require effective measures of dependence. This work
explores data compression as a novel way to measure dependence for causal discovery, inspired by
its use in estimating entropy and mutual information (e.g., PNG file size for images [3]) and in text
classification [4].

Additive Noise Models

Additive noise models (ANMSs) are expressed as:
X; = f;(PA;) + N;, (1)

where f; represents a deterministic function of the parent variables PA; and /N; denotes the noise term
that is typically assumed to be normally distributed.

Causal Additive Models (CAMs) are a subtype of ANMs that represent the output variable X
as a sum of nonlinear functions of its parent variables:

X; = Z fi,j(Xj) + NV, (2)

JEPA;

Linear Non-Gaussian Acyclic Models (LINGAM) represent another significant subtype of
ANMs that operate under the assumption of linear relationships among variables combined with
non-Gaussian noise. LINGAM is formulated as a system of linear equations:

X = Bx + e, (3)

where B is a strictly lower triangular adjacency matrix, and the elements of e are continuous non-
Gaussian variables with zero mean and nonzero variance.

Normalized Compression Distance

Normalized compression distance (NCD), initially proposed by [5], is defined as

Clzy) — min{C(z),C(y)} (4)
max{C(z),Cly)}

where C'(x), C(y), and C(xy) denote the compressed sizes of x, y, and the concatenation of = and

y, respectively. The NCD offers a practical realization of the information distance using real-worlc

compressors like gzip, bzip2, PPMZ, etc. In this work, we propose a modified version of NCD tailorec
for continuous data as the dependence measure for RESIT.

NCD(z,y) =

Methods

We propose a compression-based dependence metric, denoted as DM, inspired by the normalized
compression distance (NCD) but tailored for continuous or floating-point data. The key adaptation
involves redefining the compression operation C(-) (from eq. 4)

Redefining C'(x) for Continuous Data. We redefine C(z) by transforming the input vector
through the following steps:

1. Obtain the pairwise difference matrix D, where D;; = |x; — x;]|.
2. Flatten D, where “flatten” refers to concatenating all rows of a matrix into a single vector.

3. Convert each element of flatten(ID) from floating point to its string representation and
concatenate them using some delimiter (e.g., |).

Redefining C'(zy) for Continuous Data. To redefine C'(xy), we replace the difference matrix D
with the element-wise maximum difference matrix M, where M;; = max{|z; — z;|, |y; — y;|}.

Aggregating the Dependence Measurements. RESIT requires one-to-many comparisons for its
dependence metric. The proposed metric, DM, currently operates in a pairwise manner and does
not inherently satisfy this requirement. To address this, we introduce a simplifying assumption that
the one-to-many dependence can be approximated by averaging the pairwise dependence measures.
Formally, we define:

N
1
D Meomp((X1, X, ..., Xx), V) = > " DMeomp( X, Y). (5)
1=1

Results and Discussion

Performance on Simulated Data. Here we present the results of our simulations, using boxplots
to show the ordering error,

21
, (6)
m(m — 1)

for ANM, CAM, and LINGAM simulations. These simulations test the performance of RESIT [6] with

D M comy against existing baselines.
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Figure 1: Ordering errors E,, for the ANM simulations using RESIT with random forest regressors and
various dependence metrics.

Figure 1 shows that for m = 15 some compressors, praticularly gzip, performs slightly better than
the baseline, Hilbert-Schmidt Independence Criterion (HSIC), but the difference is small.
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Figure 2: Ordering errors E, for the CAM simulations using RESIT with random forest regressors and
various dependence metrics.

Meanwhile, Figure 2 shows a more pronounced difference between HSIC and the compressors. For
m = 4, HSIC still performs better or at least as well as the compressors. However, for m = 15, the
compressors tend to outperform HSIC, with the difference being more apparent for smaller sample
sizes (n = 100). This suggests a possible strength of using D M_,,,, for smaller sample sizes.

Comparison of RESIT Performance with Different Dependence Measures
for Simulated Linear Non-Gaussian Acyclic Models

n=100,m=4 n=100, m=15
msic [ [ F— HSIC — [ —
gzip I:D—1 o gzip )—ID—{ @0 o
b2 [ ——— bz I
lzma |:|:|—1 lzma )—I:I:l—( o
zstandard :I:I—( zstandard )—I:D—(O
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
n=500,m=4 n=500,m=15
PLR [ }— o o PLR H [ }F—
usic [ [ HSIC — 1]
gzip |:|—1 gzip )-I]:I—me
lzma | E lzma )—D:I—( o
zstandard |:|—1 zstandard )-I:I:I—hm

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure 3: Ordering errors E, for the LINGAM simulations. PLR refers to DirectLINGAM with pairwise
likelihood ratios, while the rest are RESIT with linear regressors.

Finally, Figure 3 shows that the compressors consistently outperform the baseline for m = 15. Similar
to the CAM case (Figure 2), the difference is more pronounced for the smaller sample size (n = 100).
This indicates that our method can perform well even with small sample sizes, while the baseline

methods, PLR DirectLINGAM and HSIC RESIT, need larger sample sizes to perform better.

Summary and Limitations

We introduced a compression-based dependence metric, DM, for causal discovery and demon-
strated its effectiveness through simulations with ANM, CAM, and LINGAM models. DA>M_,,,
performed competitively with existing metrics like HSIC and PLR, especially with smaller sample sizes.
However, one limitation of DM, is its sensitivity to data scale, similar to methods like NOTEARS
and GOLEM [7]. Despite this limitation, our work shows the potential of integrating data compression
with causal discovery. Future research could focus on developing scale-invariant versions of DM ..
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